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In this paper we report on the numerical analysis of a time-resolved terahertz (THz) spectroscopy experiment using
a modified finite-difference time-domain method. Using this method, we show that ultrafast carrier dynamics can
be extracted with a time resolution smaller than the duration of the THz probe pulse and can be determined solely
by the pump pulse duration. Our method is found to reproduce complicated two-dimensional transient conduc-
tivity maps exceedingly well, demonstrating the power of the time-domain numerical method for extracting
ultrafast and dynamic transport parameters from time-resolved THz spectroscopy experiments. The numerical
implementation is available online. © 2011 Optical Society of America
OCIS codes: 300.6495, 300.6530, 320.7130, 000.4430, 190.7110.
1. INTRODUCTION
Observing carrier dynamics and nonequilibrium transport
phenomena in semiconductors occurring on ultrafast time
scales is a considerable research challenge. Several ultrafast
optical measurement techniques based on ultrafast lasers and
nonlinear interactions have been applied [1,2]. One of the
newest ultrafast optical methods is time-resolved terahertz
spectroscopy (TRTS). This technique probes low-energy
charge carrier motion by interrogating the sample optically
with terahertz (THz) pulses, which are typically generated
through difference frequency mixing and detected by phase-
sensitive electro-optic detection using χð2Þ crystals [3]. THz
pulses are extremely broadband (0:3–3THz), sub-ps duration
electromagnetic transients and therefore are ideal probes for
ultrafast spectroscopy in the millielectron volt photon energy
region. TRTS has been used in unique experiments such as
observing the birth of an optically excited plasma [4] and peer-
ing inside the internal structure of a newly created exciton [5].
For recent reviews, see [6,7].
In a typical TRTS experiment interrogating carrier
dynamics in a semiconductor, an optical pump is used to
photoexcite electron-hole pairs. By propagating the THz
probe pulse through or reflecting off the photoexcited region,
perturbations in the THz probe pulse due to, e.g., free carrier
absorption or phonon scattering can be measured. These per-
turbations give information about carrier momentum scatter-
ing rates, relaxation dynamics, and carrier densities.
In static THz time-domain spectroscopy, frequency-
resolved data are retrieved by Fourier transforming the
measured reference ErefðtÞ and sample EsamðtÞ waveforms
so that THz pulse distortions in the experimental setup and
detector crystal cancel when the transmission function
TðΩÞ ¼ EsamðΩÞ=ErefðΩÞ is found. Material properties can then
be extracted from TðΩÞ by an appropriate model [8].
It can be argued that for material responses much slower
than the THz pulse probing event, the so-called quasistatic
approximation is valid and the data analysis of a time-resolved
experiment can be performed as if it is a static experiment
[8,9]. However, retrieving dynamic responses that occur
during or faster than the time it takes for the THz probe pulse
to traverse the excitation is a problem in the analysis of
TRTS experiments. Several methods have been developed
to address this problem and correct for pulse distortions. A
two-dimensional (2D) Fourier transform method has been
proposed in which the carrier response can be isolated in
cases where the rise and fall times of the photocarrier
response are on the same order of magnitude. If the induced
modulation is small, the THz propagation equations can be lin-
earized and solved analytically to yield the material properties
[8,10]. Finally, a finite-difference time-domain (FDTD) model
has been implemented to numerically propagate the probe
pulse through the photoexcited sample [11]. The fundamental
disadvantages of the FDTD approach are difficulties in solving
the inverse problem and the fact that an a priori model must
be chosen to describe the carrier dynamics and the complex
optical response function (e.g., the optical conductivity).
Here, we report on an improved FDTD model that solves
several problems with implementing FDTD to describe a
TRTS experiment, by enabling high computational efficiency
to permit iterative numerical data fitting as well as a very high
flexibility in choice of carrier dynamics, as will be illustrated.
In the following, the TRTS experiment is described and the
modified FDTD method is introduced. We finish our paper
with an exemplary analysis of a TRTS experiment of photo-
excited GaAs using the FDTD method.
2. CONCEPT OF THE TRTS EXPERIMENT
By analysis of the data obtained in a TRTS experiment, sub-
picosecond photoexcited carrier dynamics can be extracted
[12,13]. However, extracting the carrier responses that occur
during the probing event requires significantly more effort
than the slower responses and the reasons for this will be
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discussed in the following. The TRTS experiment involves an
optical pump pulse and a THz probe pulse. The optical pump
pulse excites the sample, and the THz pulse probes the dy-
namic response of the sample as a function of the time delay
between the pump and the probe pulses, accomplished
through the use of mechanical delay stages. In Fig. 1, the
pump and probe pulses are illustrated, and times have been
assigned to them. The pump–probe delay time is defined as
tpp ¼ τprobe − τpump. By consecutively measuring the THz
waveforms at increasing pump–probe delay times, a 2D
map can be constructed that contains information about the
pump-induced carrier dynamics.
However, at early pump–probe delay times (<ps), the
probe pulse and the carrier response, which is a convolution
with the pump pulse, overlap in time. This has the conse-
quence that the tailing part of the probe experiences very dif-
ferent modulation than the leading edge of the probe. This is
well illustrated in [9]. Two problems arise from this fact. First,
the usual Fourier transformation of the measured waveform
no longer makes sense. Second, in the case of very fast re-
sponses (<300 fs), this leads to generation of new frequency
components in the THz pulse.
The first problem can be solved experimentally by using a
property of the electro-optic detection scheme [7,14]. In this
scheme, the electric field of the THz pulse is measured by
delaying the gate or sampling pulse relative to the THz probe
pulse. This is also illustrated in Fig. 1, where the THz delay t ¼
τsampling − τprobe is defined.
If a pump-sampling time delay is defined as
tp ¼ τsampling − τpump ¼ tpp − t; ð1Þ
then it is possible to reconstruct a 2D map by the transforma-
tion tpp ¼ tp þ t. This effectively means that the reconstructed
THz probe pulse has experienced the same pump delay and
usual Fourier transform methods can be applied. Mathemati-
cally, the transient, induced polarization ΔPðt; tpÞ can be
described by [10]
ΔPðt; tpÞ ¼
Z
Eðt − t0Þ~χðt0; tpÞdt0; ð2Þ
where E is the electric field and ~χ the transient nonlinear sus-
ceptibility. In the reconstructed 2D map, ΔP has a parametric
dependence of the pump delay time; hence, through the
convolution theorem, the frequency-domain susceptibility is
χðΩ; tpÞ ¼ ΔPðΩ; tpÞ=EðΩÞ; ð3Þ
where Ω is the THz frequency. Whereas the induced polariza-
tion without the reconstruction ΔPðt; tppÞ is given by
ΔPðt; tppÞ ¼
Z
Eðt − t0Þ~χðt0; tpp − tÞdt0; ð4Þ
which describes the pump and probe pulse temporal overlap
and is not a convolution.
Experimentally, this reconstruction is handled in the way
the mechanical delay stages are moved, i.e., the pump and
sampling pulses are fixed for a given tp and the probe pulse
is scanned [7]. Alternatively, ΔPðt; tppÞ can be measured by
fixing the pump and probe pulses at a given tpp and scanning
the sampling pulse followed by a numerical reconstruction. In
the literature, these two methods of representing the 2D data
have been termed modes or representations [8,9].
It should be stressed that data taken in any of the represen-
tations contain the exact same information.
The second problem involves frequency mixing of the
carrier response and probe pulse, and the solution requires
knowledge of the THz pulse propagation properties in the
experimental setup and detection crystal. In electro-optic
detection, the THz pulse is sampled by the ultrafast sampling
pulse in the detection crystal where phase mismatching and
absorption will limit the detection bandwidth and efficiency.
Mismatch between the group velocity of the optical pulse and
the phase velocities of the THz frequencies leads to temporal
walk-off of the pulses, which has been shown to have a low-
pass-filter effect on the THz pulse [14]. Furthermore, focusing
elements after the sample act as apertures for the long wave-
length components; hence, it has a high-pass-filter effect. In
transmission experiments, propagation in the sample after
the photoexcited region must also be considered. These
effects have been described analytically and calculated nu-
merically in [15]; however, the exact beam shape is required.
Alternatively, the propagation effects can be found experi-
mentally [13]. With knowledge of these filter or response
functions, distortions after the sample can be removed by de-
convolution techniques [8,9]. However, it is important to have
in mind that these response functions act on each propagating
probe pulse; hence, deconvoluting the responses from the
reconstructed 2D map, which is synthesized by many probe
pulses, does not make sense.
In the present FDTD model, both problems are overcome
by the time-domain approach. It simulates the temporal over-
lap directly, and the response functions can be convoluted
with the THz pulses so that the noise-generating deconvolu-
tions can be avoided, as will be discussed later.
3. FDTD MODELING OF TRTS
EXPERIMENTS
Propagation of a THz probe pulse through a photoexcited
sample has been modeled using linearized propagation
equations [8,10] and the FDTD method [11]. The advantages
of the FDTD method include no limitation of modulation
Fig. 1. Time lines of the three pulses involved in TRTS: pump, probe,
and sampling pulses. Each pulse has been designated an absolute time
τ, and the definition of relative times t are shown in the bottom. The
optical pump pulse of less than 50 fs excites a carrier density in
the sample that decays over time, which is illustrated at the pump time
line. The THz probe pulse is shown with a full-width at half-maximum
of 300 fs of the central peak in the electric field.
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strength and simulation of the TRTS experiment in a very di-
rect manner where, e.g., the pumping event and carrier trans-
port can be solved simultaneously with pulse propagation.
In [11], a TRTS experiment is simulated using FDTD; how-
ever, the model to be described in this paper has several im-
provements, such as the incorporation of arbitrary dispersion
[16], coupled dynamics of different types of carriers, and
simultaneous solving of the carrier diffusion equations. FDTD
methods have been implemented in other fields [16,17],
but their implementations are not suitable for the TRTS
experiment.
The principle of the FDTD method is to solve the Maxwell’s
equations using the finite-difference approximation of the dif-
ferential operators [16]. It is popular to apply the central dif-
ference approximation (CDA) due to second-order accuracy.
In modeling of the TRTS experiments, it is required to take
dispersion and absorption of the THz pulse into account,
which can be done in FDTD by the auxiliary differential equa-
tion (ADE), recursive convolution, or Z-transform methods
[11]. We have found the most versatile, accurate, and compu-
tationally efficient method to be the ADE method [16]. This
method is based on solving the equations of motions of charge
carriers simultaneously with the solving of the Maxwell
equations.
The numerical problem can be reduced considerably by as-
suming homogeneous transverse excitation of sample and a
Rayleigh length of the largest wavelength components of
the THz pulse much larger than the thickness of the photoex-
cited region. This can easily be obtained experimentally for
thin samples. This consideration reduces the problem from
three to one spatial dimensions. Furthermore, the THz pulse
is typically linearly polarized; hence, only one electric and
one magnetic field component are necessary. Under these
assumptions, the relevant Maxwell equations reduce to
−
∂E
∂z
¼ μ0
∂H
∂t
; ð5Þ
−
∂H
∂z
¼ ϵ0ϵ∞
∂E
∂t
þ ∂PΩ
∂t
; ð6Þ
where E is the electric field, H is the perpendicular compo-
nent of the magnetic field, μ0 and ϵ0 are the vacuum perme-
ability and vacuum permittivity, and ϵ∞ is the relative
permittivity of the nonexcited sample at THz frequencies.
PΩ is the induced polarization density that deals with disper-
sion and absorption due to the photoexcited carriers. PΩ is
governed by
∂PΩ
∂t
¼ −e
X
p

xp
∂Np
∂t
þ Np
∂xp
∂t

; ð7Þ
where Np is the density of a certain type of carrier with index
p, xp is the carrier displacement, and e is the electronic
charge. The crux of our model is how these dynamic quanti-
ties are modeled.
The Lorentz and Drude models of material response are
widely used to describe the THz frequency response of
excited molecules and charge carriers [18]. These models
can be expressed as the classical, damped, and driven mass-
on-a-spring-like oscillator through the equation of motion:
∂2xpðtÞ
∂t2
þ γpðtÞ
∂xpðtÞ
∂t
þ ω0pðtÞ2xpðtÞ ¼ −
e
mp
EðtÞ; ð8Þ
where γp is the momentum scattering rate, ω0p is the reso-
nance frequency of the Lorentz model, andmp is the effective
mass of the carrier. In the ADEmethod, this equation is solved
using CDA. Because it is solved in the time-domain, the para-
meters ω0, γ, and m are allowed to be time dependent and
nonlinear terms can be added. This adds a high degree of flex-
ibility in the model. A measured transient response can be
factorized such that it is due to the evolution of populations
of more than one kind of carriers, e.g., free and localized elec-
trons or phonon population depending on electron–phonon
scattering rates.
The temporal evolution of the population density of the
photoexcited carriers in our model is assumed to be deter-
mined by optical pumping, bulk and surface recombination,
diffusion, and relaxation processes. This amounts to
∂Np
∂t
¼ ypI − γbpNp þ
∂
∂z

Dp
∂Np
∂z

þ
XP
q≠p
ðγpqNq − γqpNpÞ;
ð9Þ
where yp is the absorption yield, I is the excitation function
given below, γbp is the bulk recombination rate, Dp is the diffu-
sion coefficient, and γpq and γqp are the recombination rates
between the types of carriers. The summation notation means
summing q from 1 to P except p. Note that every parameter
can depend on z and can be chosen to be dependent on time
or another simulated quantity. The frequency of the optical
pump is much higher than the plasma frequency of the excited
carriers; hence, it is sufficient to propagate the intensity
envelope of the pump as an excitation function
Iðz; tÞ ¼ Niδλp
ﬃﬃﬃπp Δtp exp

−
z
δλp

× exp

−
ðz − c0=ngðt − tppÞÞ2
ðc0Δtp=ngÞ2

; ð10Þ
where Ni is the initial density given by 2πFλpð1 − RÞ=ðℏc0δλpÞ,
F is the pump fluence, δλp is the absorption depth, ℏ=2π is the
Planck constant, Δtp is the Gaussian pump pulse width, ng is
the group index of the optical pulse, and tpp is the pump–probe
delay time.
Surface recombination is modeled through the boundary
conditions of the diffusion term, as explained in detail later.
We have chosen to model the relaxation processes between
different types of carriers by use of rate equations, which have
been shown to explain ultrafast measurements of carrier
dynamics quite well [19].
A. Definitions and Stability
The geometry of the numerical simulation is illustrated in
Fig. 2. The CDA applied to a spatial derivative in position i
at time n using a half-step CDA is defined as
∂E
∂z

n
i
≈
Eniþ1=2 − E
n
i−1=2
h
; ð11Þ
where z ¼ ih, h is the spatial step size, time t ¼ nδt, and δt is
the time step. This implies the Yee grid, where E and H are
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displaced by one-half and staggered, and the time-step is the
so-called leapfrog. Other simulated quantities are linked to the
position of Ei. Numerically, this means that spatial arrays
are stored during simulations, and for each time step they
are updated one after another. The step sizes are related
by the Courant number:
Q ¼ c0δt=h ≤ 1; ð12Þ
where c0 is the speed of light, and an interpretation of Q is
that it is not possible to propagate a certain distance h per
unit time δt with a velocity faster than c0. Similar relations
can be put forward for diffusion coefficient D and surface
recombination velocity s:
2δtD
h2
< 1;
δts
2h
< 1: ð13Þ
It was found that the FDTD method is robust as long as
spatial or temporal variations, such as the photoexcited region
or temporal width of the pump pulse, are discretized with
more than 20 numerical points.
B. FDTD Formulation
Deriving Eqs. (5)–(9) in the FDTD formalism is straightfor-
ward, and the result is presented in the following. Further-
more, the applied boundary conditions and a corrective
term to the displacement are explained. The onset is applying
CDA to the Faraday law in Eq. (5) in the point jnþ1iþ1=2 and to
Ampere’s law in Eq. (6) in the point jnþ1=2i . To solve the latter,
knowledge of the dynamics of the induced polarization
density in Eq. (7) is required:
∂PΩ
∂t

nþ1=2
i
¼ − eδt ðN
nþ1
pi x
nþ1
pi − N
n
pix
n
piÞ: ð14Þ
Thus, to solve this, the dynamics of the density and the
displacement must be solved for each time step. Applying
the CDA to Eq. (8) and solving for xnþ1pi leads to
xnþ1pi ¼ αnpixnpi þ βnpixn−1pi − θnpiEni ; ð15Þ
with the definitions
αnpi ¼
4 − 2ðωn0piÞ2δt2
γnpiδtþ 2
; ð16Þ
βnpi ¼
γnpiδt − 2
γnpiδtþ 2
; ð17Þ
θnpi ¼
2eδt2
mpðγnpiδtþ 2Þ
: ð18Þ
It is cumbersome to solve the population dynamics in Eq. (9)
using the CDA for the time step; hence, we have chosen to use
a simpler forward difference, and the updating scheme of the
dynamics now can be written
Nnþ1pi ¼ Nnpi þ δt
∂Np
∂t

n
i
ð19Þ
¼ δt

Nnpi

1
δt − γ
b
pi −
2Dnpi
h2

þ
X
q≠p
½γpqNnqi − γqpNnpi þ ypIni
þ D
n
pi
h2
ðNnpiþ1 þ Nnpi−1Þ

: ð20Þ
The excitation function in Eq. (10) is discretized as
Ini ¼
2πFλpð1 − RÞ
ℏc0δ2λp
ﬃﬃﬃπp Δtp exp

−
ih − z0
δλp

× exp

−
½ih − z0 − c0=ngðnδtþ τpump − τprobeÞ2
ðc0Δtp=ngÞ2

; ð21Þ
where z0 is the surface position of the sample, τpump is the
pump delay time, and τprobe is the probe delay time. At the
sample surface there is no diffusion, but instead, surface
recombination and such a boundary condition for the left
boundary z0 ¼ iLh results in
Nnþ1piL ¼ δt

NnpiL

1
δt −
snp
h
− γbpiL −
DnpiL
h2

þ
X
q≠p
½γpqNnqiL − γqpNnpiL  þ ypIniL þ
DnpiL
h2
NnpiLþ1

; ð22Þ
where snp is the surface recombination velocity. The remaining
task is to solve the Maxwell equations. In order to include the
electric and magnetic field boundary conditions and source
terms, they are generalized to
−
∂E
∂z
¼ μ0
∂H
∂t
þ σH þ jH ; ð23Þ
−
∂H
∂z
¼ ϵ0ϵ∞
∂E
∂t
þ ϵ0
∂PΩ
∂t
þ σE þ jE; ð24Þ
where σ and σ are the electric and (numerical) magnetic con-
ductivity and jE and jH are the source terms. Absorbing
boundaries are necessary, and they are modeled by perfectly
matched layers (PMLs), which have the property of being re-
flectionless [16]. This is obtained by impedance matching;
σϵ0ϵ∞ ¼ σμ0. To avoid numerical reflections, a polynomial
dependence of the absorption is chosen and a PML parameter
Ai is defined as
Ai ¼
σiδt
2ϵi
¼ σ

i δt
2μi
¼ Amax

i
Ah

Am
: ð25Þ
To ensure sufficiently absorbing and reflectionless bound-
aries, the parameters must be optimized for the simulated
THz probe pulse. Typical parameters are Ah ¼ 20, Amax ¼
0:2, and Am ¼ 1:5. To ease the notation and implementation,
the magnetic field is scaled and virtually shifted:
Fig. 2. Illustration of the numerical setup. A source injects the THz
probe pulse, a pump excites carriers in the sample, and detectors
measure reflection and transmission. PML are the absorbing perfectly
matched layer boundary conditions.
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~Hnþ1=2iþ1=2 →
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ϵ0=μ0
p
Hni : ð26Þ
The magnetic field is evolved by
Hnþ1i ¼
1 − Aiþ1=2
1þ Aiþ1=2

Hni −
QðEnþ1iþ1 − Enþ1i Þ
1 − Aiþ1=2

þ QjnEi; ð27Þ
where QjnEi is the source term resulting in the right propagat-
ing input. Finally, the electric field is updated as
Enþ1i ¼
1 − Ai
1þ Ai

Eni −
Q
ϵ∞i
Hni −H
n
i−1
1 − Ai

þ eϵ0ϵ∞i
X
p
ðNnþ1pi xnþ1pi − NnpixnpiÞ þ jnEi; ð28Þ
where it is assumed that Ni ¼ 0 for Ai ≠ 0, meaning the PML
boundaries are not photoexcited.
A corrective term must be implemented after updating the
carrier densities but before calculating new displacements. It
relies on causality; so, for example, a carrier cannot be
displaced before it has been excited. Consider the average
displacement after an photoexcitation event ~xnpi:
~xnpi ¼
Nnpix
n
pi þ 0 · Ini δt
Nnpi þ Ini δt
: ð29Þ
This is equivalent to the fact that the newly photoexcited
carriers are at rest just after the excitation event. By extending
this principle for all the dynamic processes, a generalized
expression is
~xnpi ¼
Nnpix
n
pi þ
P
ϕ ΔNnϕixnϕi
Nnþ1pi
; ð30Þ
where ΔNnϕi and xnϕi are listed in Table 1. Similar arguments
can be put forward for the momentum of a carrier after an
event:
~xn−1pi ¼
xn−1pi þ
P
ϕ ΔNnϕi
n
xnϕi

1 −
mϕ
mp

þ m

ϕ
mp
xn−1ϕi
o
Nnþ1pi
: ð31Þ
4. EXPERIMENTAL METHODS
To validate the FDTD method, TRTS experiments have been
carried out. The experimental method and setup have been
described elsewhere [7,20]. In short, they consist of a
Ti:sapphire regenerative fs laser amplifier delivering 45 fs,
millijoule pulses at a 1 kHz repetition rate.
The pulses are split into pump, probe, and sampling parts,
which are delayed relative to each other by mechanical delay
stages. The THz pulse is generated using a 515 μm h110i ZnTe
crystal, and it is collimated by off-axis parabolic Al-coated
mirrors of 100 and 300 focal length. The THz pulse is then
focused to a diffraction limit spot of ∼1mm at the sample.
The pump beam spot size on the sample is at least three times
larger than the THz pulse spot. The transmitted THz pulse is
recollimated and focused by a 300 focal length mirror onto a
515 μm h110i ZnTe crystal, where it copropagates with the
sampling pulse for electro-optic detection. The reference and
differential waveforms aremeasured simultaneously to reduce
acquisition time and changes in the experimental conditions
during measurements [20]. The measurements are carried
out by fixing the pump and sampling pulses for a given tp,
and the probe pulse is scanned. This means that the recon-
structed 2D map is measured.
The sample is h100i GaAs with thickness of 500 μm
mounted on a 2mm aperture.
For completeness, the equations used in the analysis and
considerations on the Fourier transform are given. Using
the property in Eq. (3), the transient transmission function
can be found as
TðΩ; tpÞ ¼
EpumpðΩ; tpÞ
ErefðΩ; tpÞ
¼ jTðΩ; tpÞjeiΦðΩ;tpÞ; ð32Þ
where jT j is the transmission amplitude and Φ is the phase
change. The transient, complex conductivity σ ¼ σ1 þ iσ2
can, in this work, be found using the thin-film equation [7]:
σ1ðΩÞ ¼
nðΩÞ þ 1
Z0δλp

cosΦ
jT j − 1

; ð33Þ
σ2ðΩÞ ¼ −
nðΩÞ þ 1
Z0δλp
sinΦ
jT j ; ð34Þ
where nðΩÞ is the static THz refractive index, which for GaAs
is 3.61; Z0 the vacuum impedance; and δλp is the absorption
depth, which is assumed to be 700nm.
As described in Section 2, the THz probe pulses experience
modulation due to the experimental setup and detection,
which can be described by the response functions. The detec-
tor response function is found in [14], under the described
approximations, to be
f detðΩÞ ≈ χð2Þðω0;ΩÞ
eiΔkðω0;ΩÞd − 1
iΔkðω0;ΩÞ
2
1þ nðΩÞ
×
Z
AðωÞAðω − ΩÞdω; ð35Þ
Δkðω0;ΩÞ ≈
Ωfngðω0Þ − nðΩÞg
c0
; ð36Þ
where χð2Þ is the effective second-order susceptibility at the
optical ω0 and THz Ω frequency, Δk is the complex phase
mismatch parameter, d is the crystal thickness, ng is the
optical group index, nðΩÞ is the THz refractive index, and
the integral over AA is the autocorrelation of the optical field.
Table 1. Corrective Terms to Be Used in
Eqs. (30) and (31)a
Process ΔNnϕi=δt xnϕi
Excitation ypIni 0
Bulk recombination −γbpiNnpi xnpi
Surface recombination −snpNnpi=h x
n
pi
Diffusion out −2DnpiN
n
pi=h
2 xnpi
Diffusion in DnpiN
n
pi1=h
2 xnpi1
Coupling out −
P
q≠p γqpNnpi xnpi
Coupling in (mϕ ¼ mq)
P
q≠pγpqNnqi xnqi
aIn every process, mϕ ¼ mp, except for coupling in, which
has mϕ ¼ mq.
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The aperture in the setup is due to focusing of both the THz
and the sampling pulse at the detector, by which the detection
sensitivity of the low-frequency components are reduced. An
appropriate response function is derived in [15], which at the
focus is given by
f aprðΩÞ ¼ erf2
ΩR
2c0

; ð37Þ
where R is the beamwaist of the sampling pulse. The response
functions are shown in Fig. 3.
To reduce measuring time and still obtain high-resolution
data (information density) in the frequency domain, we chose
to only capture the exact probe pulse, see Fig. 4, and then zero
pad to decrease the frequency spacing given by the reciprocal
of the temporal window, δf ¼ 1=T . In the measurements, 200
points are distributed over 4 ps and zero padding is carried out
to extend the temporal window to 1024 points. It has been
ensured that the electric field at the edges of the temporal
domain rapidly goes to zero. As the electric field is very
low at times before and after the probe pulse, it can be argued
that this zero padding replaces measurement noise before and
after the pulse, which would be time consuming and give no
additional information.
The simulation yields a 2D map of Epumpðt; tppÞ, and to re-
construct Epumpðt; tpÞ to enable the Fourier transform, a linear
interpolation scheme with tpp ¼ tþ tp is applied.
In the simulation shown in the next section, the following
numerical parameters are used. A single termof theDrude type
with γ ¼ 2π · 1:3THz (momentum scattering time τ ¼ 122 fs),
m ¼ 0:067, s ¼ 106 cm=s, D ¼ 21 cm2=s, and ϵ∞ ¼ 13. The
input pulse is the deconvoluted reference pulse from the
experiment. The pump is simulated with ng ¼ 4, Δtp ¼ 50 fs,
F ¼ 8 μJ=cm2, λp ¼ 800nm, δλp ¼ 700 nm, R ¼ 0:33. Finally,
the number of numerical spatial and temporal steps are
Nh ¼ 29 and Nt ¼ 216, respectively.
5. DATA ANALYSIS USING THE FDTD
METHOD
In the following, analysis of TRTS data of GaAs pumped at
800 nm at a pump fluence of 7 μJ=cm2=pulse is carried out
using FDTD simulation results. GaAs photoexcited at these
parameters will result in excitation densities of <1018 cm−3,
and due to the low excess energy of ∼130meV only the central
Γ valley is expected to be populated. This direct population of
a single valley result in an ultrafast carrier response time that
is given by the duration of the pump pulse of ∼45 fs [1].
The focus in the analysis will be on early 2D data, which
cannot be analyzed under the quasistatic approximation.
Furthermore, the probe pulse attenuation is ∼50% at the used
pump fluence; hence, the linearized analysis cannot be ap-
plied. Moreover, the 2D Fourier transform method is chal-
lenged due to the very slow carrier recombination times of
several nanoseconds.
However, the FDTDmethod can very well describe the one-
dimensional (1D) pump experiment due to inclusion of the
carrier diffusion and rate equation capabilities. 1D probe or
static experiments can be analyzed as well by propagating
the THz probe in a dispersive material. Finally, it can be very
instructive to study the simulation in “real time” to visualize
the involved dynamics of the propagating THz pulse and
carriers.
In Fig. 4, the time-domain waveforms measured before and
after the pumping event are shown together with the simula-
tion results. The high degree of similarity shows that the meth-
od at the quantitative level can simulate the probe pulse
propagation in a TRTS experiment.
Two approaches to the complete analysis of the TRTS
experiment using the FDTD method are described in the
following:
1. Comparing the simulated conductivity with the experi-
mentally obtained conductivity where the response functions
have been deconvoluted.
2. Convoluting the simulation with the response functions
before extracting the conductivity and comparing this with
the experimental conductivity.
A. Deconvolution Experiment Results
As a deconvolution is the inverse of a convolution, it consists
of dividing ~EðΩÞ by the response function f ðΩÞ. However, as
the response function goes to zero for high frequencies
(all information is lost) the deconvoluted field EðΩÞ will have
unphysical large amplitudes at high frequencies. That is,
Fig. 3. Amplitude and phase of the total response function jf detf aprj
and atanðℑff detf aprg=ℜff detf aprgÞ, respectively. The amplitude of the
individual response functions of the aperture and detector using
Eqs. (35) and (37) is also shown. The THz refractive index of ZnTe
is measured, and the nonlinearity is modeled as χð2Þ ∝ nðΩÞ2 − 1
[14]. The aperture radius or sampling beam waist is 200 μm.
Fig. 4. Measured and simulated electric field of the THz probe pulses
before (tp ¼ −2 ps) and after (tp ¼ 3 ps) optical pumping. The GaAs
sample is excited with 800nm, 7 μJ=cm2, ∼45 fs pulses.
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Fig. 5. Real (σ1) and imaginary (σ2) transient conductivity of the experiment and the simulation. Before extracting the experimental conductivity
in (a) and (b), the response functions have been deconvoluted in order to be directly comparable to the simulation results in (c) and (d). The GaAs
sample is excited with 800nm, 7 μJ=cm2, ∼45 fs pulses. The simulation parameters are given in Section 4.
Fig. 6. Real part of conductivity σ1 for (a) experiment, (b) simulation convoluted with the detector and aperture response functions before re-
construction and Fourier transformation, (c) as (b) convoluted with the detector function only, and (d) as (b) convoluted with the aperture function
only. The GaAs sample is excited with 800nm, 7 μJ=cm2, ∼45 fs pulses. The simulation parameters are given in Section 4.
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deconvolution leads to amplification of small amplitude sig-
nals with a high level of noise. To be able to deconvolute the
data, cut-off frequencies are chosen at the frequencies where
the response is 10%, which corresponds to 0.13 and 3:7THz.
Figures 5(a) and 5(b) show the complex conductivity ex-
tractedbyEqs. (33) and (34) from the experimental data decon-
voluted with the response functions in Fig. 3 using the method
described above. The simulated complex conductivity is
shown in Figs. 5(c) and 5(d). It can be seen that the experimen-
tal data becomenoisy due to the deconvolution process. There-
fore, any parameter extracted from the data will have a high
uncertainty, and it seems that this approach is not preferable.
B. Convoluting Simulation Results
Alternatively, instead of processing the experimental data
with noise generating procedures, the simulation can be con-
voluted with the response functions to mimic the experimen-
tal results accurately. The procedure is that after simulation,
Epumpðt; tppÞ is Fourier transformed to EpumpðΩ; tppÞ to do the
convolution f ðΩÞEpumpðΩ; tppÞ ¼ ~EpumpðΩ; tppÞ, then inverse
Fourier transformed back to time domain ~Epumpðt; tppÞ. It is
then reconstructed to ~Epumpðt; tpÞ and Fourier transformed
to ~EpumpðΩ; tpÞ, and finally the conductivity σðt; tpÞ is
extracted.
The results are shown in Figs. 6 and 7, where the real
and imaginary part of the conductivities are shown, respec-
tively. First, by comparing the experimental conductivity
in Figs. 6(a) and 7(a) with the simulated conductivity in
Figs. 5(c) and 5(d), it is clear that artifacts emerge around the
pumping event. These artifacts can hardly be described by any
carrier physics. As an example, the waves before the pumping
event appear to violate causality. After tp ¼ 2 ps, no artifacts
are present and the conductivity can be described by theDrude
type conductivity and the quasistatic approximation holds.
Second, by convoluting the simulations with the response
functions, the curious artifacts can be accurately reproduced,
as can be seen by comparing Figs. 6(a) and 6(b), and
the same is seen by comparing Figs. 7(a) and 7(b). Because
of the large degree of resemblance, it can be concluded that
the simulated physics and the response functions describe the
experimental system well. Hence, by this method we have
shown a way to determine the ultrafast carrier dynamics oc-
curring after optical pumping of the sample and, more impor-
tantly, that the temporal resolution is given by the duration of
the optical pump pulse.
Finally, in Figs. 6(c), 6(d), 7(c), and 7(d), the conductivities
calculated only by convoluting with one of the response func-
tions are shown. They show the constituents of the artifacts,
and we see that the detector and the aperture contribute very
differently to these artifacts. We can conclude that each of
these response functions must be taken into account to
analyze the data.
6. CONCLUSIONS
From the analysis of the TRTS experiment, two problems
were discussed for early pump–probe delay times. The limit
of “early” times is given by the largest characteristic time
of the THz pulse, material response, or detector response. For
larger delay times, any static Fourier transformmethod can be
applied. If reconstructed 2D data Epumpðt; tpÞ are obtained,
Fig. 7. Imaginary part of conductivity σ2 for (a) experiment, (b) simulation convoluted with the detector and aperture response functions before
reconstruction and Fourier transformation, (c) as (b) convoluted with the detector function only, and (d) as (b) convoluted with the aperture
function only. The GaAs sample is excited with 800nm, 7 μJ=cm2, ∼45 fs pulses. The simulation parameters are given in Section 4.
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Fourier transformmethods can be used as long as the material
response time is larger than the detector response time.
Finally, for material responses comparable to or faster than
the detector response, (de)convolution of the experimental
setup responses is required.
The numerical analysis of a time-resolved THz spectro-
scopy experiment using a modified FDTD method has been
described and discussed. Utilizing this method, we showed
that ultrafast carrier dynamics can be determined with a time
resolution smaller than the duration of the THz probe pulse
and only determined by the pump pulse.
The FDTD implementation is versatile, and we plan to use it
for analysis of numerous TRTS experiments. The numerical
implementation is available online [21].
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